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Outline:

m Experimental motivation
a Formalism: Nonlinear sigma-model

m Results for LDOS (averaged + spatial fluctuations):
» near SC transition in 2D with short-range interactions
» near SC transition in 2D with Coulomb interaction

» SIT near Anderson transition with short-range interactions

m Conclusions



Experimental motivation

Tunneling spectroscopy of 2D superconducting films:

m pronounced soft gap in the tunneling spectrum survives
across the superconductor-metal transition (at T > T.)

m ... and across the superconductor-insulator transition

m strong point-to-point fluctuations of LDOS

Popular interpretations (“bosonic mechanism®):
m preformed Cooper pairs = “pseudogap” in non-SC states
m localization of Cooper pairs on the SC side of transitions

m emergent “self-granularity” of homogeneous films



Experimental motivation

InO thin films: Differential tunneling conductance, 7, =1.2 1.7 K
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[adapted from Sacépé et al. (2011)]



Experimental motivation
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Experimental motivation
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homogeneously disordered NbN thin films:
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Tunneling DOS in the presence of SC correlations in 2D

[Abrahams, Redi, Woo (1970); Huralt, Maki (1970)]

o suppression of LDOS near superconducting transition temperature,
=TI <1,

( (E)> f1 o 8(1 — In 2)tG(TCTGL)2: |E| < TEE,
Pl = 24 (T ER W(|Elrer), 15 < |E] < T,
(T (Tr), T, < |E

Po

where 7' = 8(T — T.)/m and ) = 2/(ngy) denotes bare resistance.

pP(E)/ py




Tunneling DOS: Zero-bias anomaly in diffusive 2D metals

Altshuler, Aronov '79, Altshuler, Aronov, Lee '80, Finkelstein '83,
Nazarov '89, Levitov & Shytov '97, Kamenev & Andreev '99

e zero-bias anomaly in d = 2 with Coulomb repulsion

(p(E,T)) 4. ~ €xp (— ! In(|E|7) In kil )

47 g D27

where
g - conductance in units e*/h,

D - diffusion coefficient,
K= e po/e - inverse static screening length

Physics: Diffusive/hydrodynamic charge spreading affected by gauge-type
phase fluctuations (Maxwell relaxation + “Debye-Waller factor”)



Fluctuations of LDOS (no interaction)
review: Evers & Mirlin RMP 08

e local density of states (LDOS)

p(E, 1) = 3" |ba(r)8(E — €a)

]

e multifractality in the moments of LDOS

(lo(B,m)7) o~ L2

dis

e spatial correlations of LDOS
(p(E,7)p(E, 7+ R))ais ~ (R/L)™*  R<L

in the absence of interaction average LDOS is non-critical for Wigner-Dyson classes



Fluctuations of LDOS with interactions (normal state)
Burmistrov, IG, Mirlin, PRL"13, PRB'14, PRB'15

m Multifractality of LDOS does exist in disordered electron systems with
Coulomb interaction

m Coulomb interaction: multifractal exponents are different from those
In noninteracting case

m Metal-insulator transition: From Altshuler-Aronov-Finkelstein
zero-bias anomaly to Efros-Shklovskii Coulomb gap:

m This work: LDOS near superconducting transition (T>T,)



Field-theory approach: Interacting nonlinear sigma-model
Finkelstein (1983)

o nonlinear sigma-model action

S0 = _J drtr(VQ)z—I—ﬂrJTTZw[drtrnQ

32
_”TT> ) >[drl',-trlfrr,-Qtrl””tr,Q

r=0,3/=0,...,3 a,n
al . "
~ > Y | drTotr LtoQtr L100Q
r=1,2 a,n

matrix field Q (in Matsubara, particle-hole, spin and replica spaces):

0(r) =1, tr Q(r) = 0, 07(r) = C"O(r)C, C =it

g — conductivity in units e’/h, To =T, - interaction amplitude in the singlet channel,
[1,[,,3=1; — interaction amplitude in the triplet channel, I, — Cooper channel
fr),- =17, ®s;, T, S are Pauli matrices in particle-hole and spin spaces
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Strategy

m Construct and renormalize operators describing the
moments of LDOS

m Renormalize NLSM down to energy scales ~max|E,T]

m Include superconducting fluctuations from real processes




Mesoscopic fluctuations of LDOS: Field theory

e disorder-averaged LDOS

<’O(E’ T)>d

where £, = 7 T(2n + 1) is fermionic Matsubara frequencies

_=roRe (PI(E))s.  Pilien) = Qnp(r)

1

e disorder-averaged 2" moment of LDOS

(p(B,7)p(E' 7)) = (p3/2)Re (PFR(E, E') — PFA(E, B'))
Py(in, iem) = Qi (1) Quan® (r) — Qaie (r) @3z (1)

e P, are eigenoperators of renormalization group transformations

renormalization of F, by means of perturbation theory around ) = A



Mesoscopic fluctuations of LDOS: RG

Disorder-averaged DOS:  (p(E)) = po[Z(E)]"~,

dInZ
dy

= —[In(1 + 5) 4+ 31n(1 + ) + 271t + O+,

gth moment of the DOS:  (p?) = (p)9m,,,

dlnmg,  gq(1 —q)

n S (20 + [e(r) + 3e(n) = 27e1r).
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C(}/) =2 +

Vore = lsiclZy yvs = —1 for the Coloumb interaction



RG of 2D sigma-model
Finkelstein (1983)

Full set of one-loop RG equations [t = 2/(wrg)]:
Burmistrov, IG, Mirlin, PRB 15
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Short-range interactions in 2D: Enhancement of T,

Burmistrov, 1G, Mirlin, PRL"'12, PRB'15
o RG after approaching BCS line y, = —y; = —y, = —v:

dt/dy = t*, dyldy = 2ty — 2y*/3.

o superconducting transition temperature is nonmonotonous function of f:

| 2 2 v
T. ~ Lexp (——+—) =32 /Qly]) < |
T o I,

| | | | t
0 Yol Yol 10
3D near Anderson transition:
Feigelman, loffe, Kravtsov, Yuzbashyan (2007); Feigelman, loffe, Kravtsov, Cuevas (2010)



Short-range interactions in 2D: Average LDOS

E 3 g ~
<’O;)> = ZA(T)[1 —8(1 — In2)t(T.76L)] for |E| < 75 .
0
p(E) , N o
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. >
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not a superposition of AA and SC corrections close to the SC transition



Short-range interactions in 2D: Average LDOS

T =1.6T. t. = 0.05, to = 0.02, and Tt = 2.5
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Short-range interactions in 2D: LDOS fluctuations

(p1(E)) f, q(g—1) - ‘. | E q(1—q) - i
S - —In— :
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LDOS fluctuations are particularly
strong in the range of parameters
where enhancement of T, occurs =50

E| ~ T ~ Te: (p)/{p)? ~ (to/[yo)"7~1 > 1



Coulomb interactions in 2D: Suppression of T,

o RG equations:
dt 1 dy. t
dy — 2° dy ~ 2
[Castelani et al. (1984); Ma, Fradkin (1986)]
o suppression of superconducting transition temperature:

1 2|V(”ID| + \/E

In

Yr = -
2\/5 2|V("JD| — \/E

[Finkel'stein (1987)]

T, ~ 17 e %F,

o separatrix: fy = 4y?,
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Coulomb interactions in 2D: Average LDOS
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Enhancement of the superconducting dip by the Coulomb ZBA



Coulomb interactions in 2D: Average LDOS

I'=1.2T. fo = 0.03, T.tgr. = 2.5, and »x[ = 0.2
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Coulomb interaction in 2D: LDOS
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SIT near Anderson transition (RG approach)
Burmistrov, 1G, Mirlin, PRL"12

o RGon BCS line ys = —y; = —y, = —y

dt _1 dy 2
— = t—t.)+ ny, — = —Ny —
dy v )+ ny dy 2y — ay

we assume |yy| < t. < 1 and |[Az|v # 1.

(0 = T (E));
0 < T2, T&) ~ T = 1 (alyol /Ay,

C

. o (1) el
Tr<dc<t ! T((E)Négexp[—ﬁ—z(g—;) ]

o [ as a function of { = |t — 1.

metallicside t < f.

nsulating s e <T; T@) ~ T = (a1,
insulating side t > f, T < & T.(8) = 0.

TC* agrees with Feigel'man, loffe, Kravtsov, Yuzbashyan (2007)



SIT near Anderson transition
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LDOS in the critical region: § < T}

o disorder-averaged LDOS above 7,

C

<)O(E]> —1— E ( T(k )ﬂzwd 4+ E(Tk )|&2|fd

C

o max{|E|, T} 0
o disorder-averaged LDOS near 1/, I — 1] < I}
(PE) _ [ 1=t Tera) ™, |E| < g/,
po 1+ et (T7E)T, 15 < |E| < Tr.

o RG for LDOS moments (p7) = (p)"m,

dlnp d In m,

ay = 1y, & = —A; + byy .
o fluctuations of LDOS above T}, |E|, T > T;:
- o
iy = e [ (oot 1) “T‘*”?]

where x; = bgla + Ag/A;.
. { pT
strong fluctuations of LDOS at |E| ~ T ~ T;: % ~ (|yo|)2e/P2l > 1



LDOS in the insulating phase d: 2 1.

o high energies |E| > d; (critical states):

(p(E)) T
n 1+ my("f) (

o \ ¢ <pq(5)>:(y(£))ﬂz( )
]

El) " pE) \w

o low energies |E| <« 0: (localized states):

O d+2 O
WDy ()
(p(E)) _ ( v(&) ) 2 ( L ) Ll
(p(E))T Yo 3

O the scale Ap = |y(&)|0 ~ 9782 (cf. Feigel’'man, loffe, Kravtsov, Yuzbashyan (2007))

“pseudogap energy scale’



Summary:

2D short-range 2D Coulomb Anderson criticality
(a) (b) ) (©)

{(P(E)Y po
{P(E)Y po

o
i

{p(E)Y po

(P(E))/ po

|E|/T TfT,

=50 =25 0 25

m Depletion of averaged LDOS: interplay of renormalization and real processes,
not just a simple superposition of ZBA and SC DOS

m LDOS fluctuations within “fermionic picture” (no emergent granularity)

m Short-range interaction: strong mesoscopic fluctuations of LDOS on top of
enhancement of T, due to multifractality

m Coulomb interaction: not so strong mesoscopic fluctuations of LDOS near
superconducting transition; precursors of coherence peaks suppressed



