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Outline

 Introduction. Graphene as elastic membrane. Flexural phonons
» Formation of flat phase at low temperatures. Mean field approximation

* Beyond mean field. Softening of membrane due to thermal fluctuations
and disorder. Anharmonicity-induced increase of bending rigidity

* Crumpling transition. Competition between anharmonicity
and fluctuations

* Geometry of the membrane. Fractal behavior in the near-critical region

« Effect of disorder on crumpling transition in graphene. Non-monotonous
scaling of bending rigidity. Static, frozen-out fluctuations - ripples.



Graphene: monoatomic layer of carbon

First isolated and explored: Manchester (Geim, Novoselov, et al., 2004)
Nobel Prize 2010 (Andre Geim & Konstantin Novoselov)



Graphene samples

Micro-mechanical cleavage Epitaxial growth

carrier mobility: up to ~20,000 cmZ/V's at 300K: ~200,000 cm?/V's at 4K
Vi



Suspended graphene:

dynamical out-of-plane deformations (flexural phonons)
+ static frozen-out deformations (ripples)
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Meyer, Geim, Katsnelson, Novoselov, Booth, Roth, Nature’07



Flexural phonons (FP)

\ hx) /‘\ _

S N X

_ 1 2 2 ~ 1 eV
E—2 dx | ph” + »(Ah) x >~ ] eV.

h - out-of-plane

. T iqr p

(r) = Z \/QquS (bg + b—q)e ! flexural mode
q

wq — Dq2 soft dispersion of FP D = _ %‘/[)
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Thermal fluctuations

bg = \/Nqe "7 Ny =~ \/T/hwq > 1
L) — 2T G()_<hh*>_l
()= 3 e costar + eu ) = thaha) = 3

correlation function of FP

T [ d2q T for graphene at room
V(h3(r)) o \/; / @ \/;L temperature: | /7/5 ~ 0.2
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Quasielastic scattering by FP

» V = g1(Vh)2/2

Ag = Uy, Ay = Ugz — FP contribution to the
deformation potential

Vph_V_I_VA —gluzz+920'A

g1 ~ 30 eV  deformation coupling constant,

g ~ 1.5 eV coupling to gauge field ng Q192
V(r) = Z 5 SIn(qur + ©q, ) sin(qer + ¢q, )

q1.92 qlq
Theory: A/Golden rule calculation
e’ TN 10-3 e’
Oph — ~ : —
p 2 theory yields unrealistic
h 249 In (qTL) h’ » (too small) values of conduc-
tivity in the Dirac point!!!
Experiment: Oph ~ 10 = 50 —
K. Bolotin et a/PRL (2008) h
g = - ~ 5.3 dimensionless coupling N =4 spinxvalleys,

V32 constant qgr = T/hv 8



Crumpling transition of membrane: key parameter /T

Crumpled phase: /T — 0 Flatphase: /T — oo

00— O

Scaling of bending rigidity

dIn(s/T)
T = BT

NS,

crumpled
phase

D. Nelson, T. Piran, S. Weinberg Statistical
% Mechanics of Membranes and Surfaces
(1989).

[’ Physics behind: anharmonic

. . coupling with in-plane modes
crumpling phase transition 9




For graphene 3 /T ~ 30 evenfor T=300 K =» flatphase

Bending rigidity increases with increasing the
system size (or decreasing the wave vector):

1
wox L' o« — critical behavior of bending rigidity
g " n - critical exponent (= 0.7)

F.David and E. Guitter, Europhys. Lett. (1988);
P.Le Doussal, L.Radzihovsky, PRL (1992)

h 1

2

deformation € agrees with
— = potential is m O ph ™ 10 z e)g;)eriment
L L’O/ 2 suppressed
(Dirac point, 7=300 K)
in the thermodynamic Gornyi, Kachorovskii, Mirlin
limit fluctuations are RRB (2012)
suppressed
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Theory of crumpling transition

F= / dP {%(aaaan)z _ %(aaRaaR) + u(8,RIsR)? + v(@aRaaR)z}
«, )8 — 1: SRl D

d-dimensional space

Paczuski, Kardar, Nelson, PRL,1988

R(x) is d-dimensional vector

x 18 D-dimensional vector

For physical membranes d=3, D=2 D-dimensional

' X plane

.
' o

Meanfield mp R =¢Ex mp 7 — —gzt + 254(’(1, -+ D’U)

( t
, for ¢ > 0 flatphase
8F/(9§=0 ‘52:< 4(u + Dv)
{ 0, for t < (0 crumpled phase

tocTe—T = &2 T, —T
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Flat phase (7<T., £>0)
R =¢{r r=x-+u-+h,
|

in-plane and out-of-plane fluctuations
Elastic energy

F = dem{f(Ah)2 } strong
2 anharmonicity

1 1 :
Uag = (0ar0pr — b0p) ~ 5 (Oaug + Ogug + O,hOgh)  strain tensor

w = €2, p=4u*, \ = vt
Ao (T, —T), kocT,—T

Elastic constants turn to zero in the transition point 12



Disorder

Clean B p | A
membrane B = /d X{E(Ah) +“uw T 5 9 m}

Random F:/dD { [Ah—l—,B(CL‘)]2 —|—uu -|-)\fu,q,z}

curvature A 9

random vector

P(ﬁ)ZﬁleXp< le/ 3*(x)d x>
In-plane D, )”*” A 2
P F=[d'x E(Ah) — uuw =F = > [uii + c(x)]

disorder
Ple) = Z- eXp( 210 / c2(X)de>
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Beyond mean field: Fluctuations

r=&x+u+h Meanfiel: & = 1

u=~¢&u

. DIP(u+AD/2) (.0 1o, 2A€-1) [dPx . ] - .o
0o 4 [(5 _1) + D /LD a Yo + (ua )

\ I

coupling between stretching and fluctuations

Physics behind: transverse T~ T~

fluctuations lead to decrease » € mmm m e mm - >
of membrane size in x-direction
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minimization 1
of energy ‘ 52 =1-— 5 <8ﬂfh8ﬂh>
harmonic - T d’q 1
approximation (0ah0sh) = d. o + b) / (27r)% e
dc — d - D
Logarithmic divergence for D=2 — renormalization group (RG)

A=In(L/a)
dg 2 dc T L -system size
H — —E ; + zf , D =2 a - ultraviolet cutoff

thermal T di
: isorder
fluctuations

Flat phase is destroyed both by thermal

‘f_) 0, for certain value of L ‘ fluctuations and by disorder

15



Renormalization of bending rigidity (clean case)
David, Guitter, Europhys. Lett. (1988), Le Doussal, Radzihovsky, PRL (1992)

_ D )* 2 2 , A o

Correlation function of transverse modes:

F(h u)

hi(a)h; e dhdu
Gig = (ha(hy(~a)) = LD T ARMA 56,
fe {dhdu}
GU _ I Interaction between in-plane and
q M’q4 out-of-plane modes is neglected

However, such interaction dramatically change the
small g behavior of G(g) due to strong anharmonicity

\ 4

Anomalous scaling of bending rigidity 6



Integrate out the in-plane modes

1 [ &2q [ . 1 [ &k [ PK
- hoh_g 4+ —
F(h z/ (27)? [’“‘q ab-a 75 (W/ (21)2

x R(k, k', q)(h_xhxq)(hkh_g x/)]

Interaction between out-of-plane modes: dc —d—D

2 / 2
Rl ) = 0 B XA g K +q
dp(p +A)
K, =
’ (20 + M) Ky
kxq*\ _ _ /K xq°
g° g
i
Gl=—"—- =

wk? k k' 17



Renormalization of bending rigidity by screened interaction

o Q
Gq _ Gg . Gg e \ Gq
Gq—Q
Ap(p +A)
GQ—Q 2+ N)
Kq Ko/T KO/T Kq
_____ = e - - — — — —
_ T 2T [ d*’Q [qx Q)*
Gq = 2t + g 2iq = p / 2mZ QA KqQGq-q self-energy
Interaction is screened:
(Ko/T) / d’Q [q x QJ* polarization
K. = I, = Go_qG
T 14 (Ko/T)Ig : @m2 ¢ T operator
3 /T\? 1 _ 167 ( ) 5
o _ v - - K — -
Hq_167r(%) 2 forq—>0» 3 \1/ 1

bare coupllng drops out !18



Universal scaling (q < q*)

. K OT « ultraviolet cutoff (N
x = 22 (Ginzburg scale) TPy
2 qx 2 qx
Sq ~ g2 In (_) for g < ¢" 4ump 3¢ = 52> In (_)
: d \q)’ N
T
Ga = ngt + g
d}f anharmonicity-induced e 1
d A 1ncrease o enaing rigi lty q —TM
A =In(q"/q)
2 P
N~ — for D=2and d. > 1 T — 0.82]1 for D=2, d=3
dc David. Guitter self consistent screening approximation
Euro;;hys. Let't. (1988) Le Doussal, Radzihovsky, PRL (1992)
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Crumpling transition (clean case)

drx 2 _ -
— = — rescaling of d -
dA - de bending rigidity: dA = (% %Cf)
A AT o €2 = ;
dA 2
dA | crunei=d I d; T unstable
S fixed
0 > 2, /s point
/ agrees with David, Guitter,

Europhys. Lett. (1988),

Mo — Hep I For £Q > 2y, membrane

remains in the flat phase in
the course of renormalization 20

2
oo =
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Lower critical dimension for crumpling transition

D #2 T+ ) ]

dg? B o Her
;f:%gzqz—D T n&" —
1= Q/dc
D —2
l+e>0 = D > D, €o = .
Dex =2 = == Sy o

C
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Disordered case (random curvature)

Replicas: h —h" n=1,...,N

n=N
4
Pee = 3 2 [kt b+ B

n=1

n=N

1 T Ty T

4d E /(dkdk!dQ)Rq(k, k!) (hﬁ_l_qh_k) (h_k!_qhkf)
€ n=1

interaction

(exXp(—Frep/T))p — exp(—Fer/T')

P(B) = Zg" exp (% f JBQ(X)de>

Far =y = / (dk)k*hPh™, + Fiy

22



Effective bending rigidity — b-dependent matrix in the replica space

b2 . ) T i1 T
A o T J k ]{74 %k,4 T f
A A 2 2 A
Jigmm =1 Ml = Ap 377 (1427 + 12])

b% dimensionless

f — T disorder strength

A DII !
[] =
2(D 1 1)
Eﬁm L 2T (dq)k4 Uanﬁ fn,g?,

de.
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In-plane disorder
2
F=% [avring + 32 [@n] [ beqh it

Ko = 4(”52” :;;) Ple(x)] x exp (—% / dxc? (x))

Replicate and average over disorder

2

n m

U° = Kodpm — Koo ™ )=
Screening
U= 14Ul 'Uy=(1+1Ttu, )t

In-plane

f] — I_I_lj for q < q* disorder

is irrelevant iy



Disordered case (random curvature)

RG equations

df —  f(1+3f)

ah — Tt 2r)e2 \a
dre [~(1+3f+f2)
T L

gz E+ f)

dA P

5 = ut?

rescaled rigidity

renqrmalization
of disorder

— s (1 4+ f)

critical index
for D=2

b

f__

dlmensmnless
disorder

d> T

C

ST

fixed point for
clean membrane

Acr —

25



Phase diagram of crumpling transition in disordered membrane

] i 2
dimensionless bo dc

disorder 27
4 crumpled
1.5 F /\
e flat ---meennenees
0.5} 70
P dimensionless
*m" bending rigidity

10 ' 20

¥

Critical bending rigidity becomes disorder dependent
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RG flows

crumpled

10 20

Non-monotonous scaling of bending rigidity and disorder
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Scaling of bending rigidity and disorder in the flat phase

%4

Aer
r

100

60F

20}

/

M

z=nlIn (L g*)
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Geometry of the membrane

membrane without fluctuations

small fluctuations:
dynamical (flexural phonons)
+ static (ripples)

fractal behavior
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Multiple folding of membrane in the near-critical region

R, = fLrLr
r =& /
VTEY)
/

(Jry —raf?) ~ &, sy (x1 — X2)7

L N 1 folding of
5 7 ) membrane
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Clean membrane at criticality: Fractal dimension

3 ) Critical point M = M
=7 (% L %Cr) ritica poin Cr

dA

d52 9 “cr ]_

L X

n=2/d., A=1In(L/L")
Size of the membrane in the embedding space:

R = LgL X L1—77/2

2 fractal (Hausdorff)
dimension
1 —n/2

RPH « LP wh Dy =

31



Near-critical membrane (clean case)

small deviation from
) L*\" the critical point
=0+ (1—90 — o — A
g ( ) L 5 — 0 Cr < 1
>0

Fractal behavior: Ll < L < L2

1 1/7?
Ly~ L'/ L[y~ L* (5)

L~Ly mp £~&e~ VoK1  muliplefolding

32



20

1.5}

1.0}

crumpled phase

os| | S deep in the flat phase: rippling ~
N e
0.0 ' ' l ‘>
0 5 10 15 20

fractal behavior: L < L, ~ L* (

5) e (5)
5) °© ,f) 3n

disorder-induced factor
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Scaling of the disorder deep in the flat phase

Inb
A

In bo

n/4

In b()

Vo |+

(D

oY [ I
™~



Ripples: Static frozen-out deformations

Disorder generates new correlation functions:

1
conventional correlation h-h_ ) ox S 1—n/2
function (dynamical+static) 4 q> q4_77 h’rms x L
Vs
flat phase
disorder-induced h 1
isorder-induce / 1—
correlation function  (Rq) (h_q) T —) hrms x L~

(static)

36



Spatial size and amplitude of ripples

H(r) = Vo(h(0))V, (h(r/9)) O (I (q%) for a < r<1/q",
_ d2q Eq iqr H(T)N_< 27
; / (2m)? ?e ) - ” (qi’r’) , for 1/q* <,

Both spatial size and amplitude of ripples decrease with temperature:

27 1 Agrees with
* T experiment:

b (1Y _ b, (T7)  Xhe
HO :—1 __hl e ..eneo;,
( ) 2T H (q*a) 4 ( T ) PGR:(;o;i)I

37



Main results

Anharmonicity crucially effects elastic and
transport properties of graphene

Bending rigidity and disorder show non-
monotonous scaling

Membrane demonstrates fractal behavior in the
near-critical region

Amplitude and size of ripples in disordered
graphene decrease with temperature

38



Effect of anharmonicity on transport properties:
Comparison with experiment

K. Bolotin, K.Sikes, ].Hone,
H.Stormer, P.Kim, PRL (2008)

(a) 8 K

Before annealing
U(SK) = 28.000 cm?/Vs

I ! I I
After annealing

uinsulating" u(5K) = 170.000 cm’/Vs
behavior
90 K
! 150 K
2
;5 e /h 230K «metallic »
. behavior
|n|<n* |n|>n*
2 1 0 1 2
n (10" cm™

Suspended graphene
(experiment):

“metallic” < “insulating”
T-dependence

41



Phase diagram of disordered membrane in the ( §,£,) plane.

Critical curve (shown in red) separates flat and crumpled phases. Clean case corresponds to
horizontal axis (£, = 0).

Regions (1), (II), (Ill) - near-critical regime within the flat phase. - membrane shows critical
(fractal) folding at intermediate scales before flattening at larger scales.

Regions (IV) and (V) — rippled membrane deep in the flat phase.

Blue curves — fixed values of bare bending rigidity. Bare disorder increases along these curves

from the bottom tothetop  (a) (300 — »cr)/22cr < 1, (b) (300 — 2er) /) 3er > 1
34



Suspended graphene (theory) : “metallic” «»“insulating ” T-dependence

Realistic samples: disorder + Coulomb + phonons

4
Gornyi, n=>5xl 0 em”
- 3t Kachorovskii,
C Mirlin, PRB'12
—
o
(R

n (10" cm™) 1= 600 K

FIG. Resistivity as a function of electron concentration
at m; = 5 x 10 em™? and different temperatures (T /1K =
5, 40, 90, 150, 230) increasing from the bottom to the top
at large n. Within the grey area temperature dependence is
“imsulating”, while outside this region 1t 1s “metallic”.
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Graphene as elastic membrane

Elastic energy

E = %/dr [,0(1'12 h2) + 2(AR)? + 2uu?

]

u (I’) h (I') are in-plane and out-of-plane distortions

1 Strain
Uij = 5[&5% + 33’“2’ + (8ih)(aj h)] tensor

p~76-10""kg/ m? mass density of graphene
A~ 3eV/ Al p =~ 3eV/ A? elastic constants
n =~ 1leV bending rigidity

Wilq =389 , Wiq =514 in-plane phonons

s =[2p+N) /0" ~2-100cm/s, s1 = (u/p)"/? ~1.3-108cm/s



