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Outline

* Introduction. Graphene as elastic membrane, flexural phonons,
ripples.

 Formation of flat phase at low temperatures. Mean field
approximation.

* Beyond mean field. Softening of membrane due to thermal
fluctuations and disorder.

 Renormalization of bending rigidity. 1/d — expansion (d is
dimension of space into which membrane is embedded).

 Crumpling transition in membrane. Scaling of bending rigidity.

 Effect of disorder on crumpling transition. Increase of critical
bending rigidity. Non-monotonous scaling of bending
rigidity. Disorder-induced correlation functions



Graphene: monoatomic layer of carbon

First isolated and explored: Manchester (Geim, Novoselov, et al., 2004)
Nobel Prize 2010 (Andre Geim & Konstantin Novoselov)



Graphene samples

o vk

Micro-mechanical cleavage Epitaxial growth




flexural phonons

Suspended graphene

Ripples = ,snhapshot” of flexural phonons
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Meyer, Geim., Katsnelson, Novoselov, Booth, Roth, Nature’07
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Graphene as elastic membrane

Elastic energy

1 .
E:§/dr [p(ﬁz h?) 4+ s(AR)? + 2uu? Auik}

]
u(r), h(r) in-plane and out-of-plane distortions
1 .
Uij = 5 [O;u; + Oju; + (O;h)(0;R)] Strain tensor
0~ 7.6 10 Tke/m’ mass density of graphene

)\ ~ 3eV/A2 = geV/A2 elastic constants
=~ leV bending rigidity



Flexural phonons (FP)

1 :
k) = 5 /dr [,oh2 + %(Ah)ﬂ
— f I yetar out-of-plane
o ?\/29‘%3 (ba +0a)e flexural mode

wq — Dq2 soft dispersion of FP D = V %/P

Quasistatic approximation

./ —1Pq Ng &~ /T hwg > 1
bq qu , q \// q




2T
() = 3| g cos(ar + 2a)
q

T
G(q) = <hqh:;> — %—(]4 correlation function of FP

Due to soft dispersion, thermal fluctuations with small g are huge

T [ d*q T~ Proportional to
2 i Rl O el
V(3 (r)) o \/%/ ¢ X ;{L the system size ! ! !

For graphene at room temperature: VI/»x=~0.2




Crumpling transition of membrane: key parameter /T

Crumpled phase, /T — 0 Flat phase, /T — oo
00— O
"6 Scaling of bending rigidity
crumpled
phase d »/T
Le/T) _ B (»/T)
) dln L

S~ X

crumpling phase transition 9



Formation of flat phase at low temperatures
F = / dPx {%((:EL_J.E.E?M]Ei'.)2 — %(BQRE)QR) + u(8,ROR)* + v(@aRaaR)z}
&, )8 =1,..,D

d-dimensional space

Paczuski, Kardar, Nelson, PRL,1988

R (x) is d-dimensional vector

x 1s D-dimensional vector
For physical membranes d=3, D=2

D-dimensional
'Y plane

»
>

Mean field mp R = ¢(x mp |7 — —th S 2{4(u + DU)
¢ (4

8F/3§ =0 = &2 — 4(u + Dv)’
\ 0, for t < (0 crumpled phase

for ¢ > 0 flat phase

tocTe—T = & xTe—T
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Flat phase (T<T,, £>0)
R =¢r r=x+u-+h,

in-plane and out-of-
plane fluctuations

u = (ul, ...,uD), h = ]’I,l, ceny hd—D

5(aaraar - D)2}

F= f dP { (Ar) +§(aaraﬁr—5aﬁ)2+ .

= €%, = 4ué*, \ = 8ue?
A< (T, —T), koxT,—T

Elastic constants turn to zero in the transition point
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Strain tensor

Uag = % (Oox0pr — 00p) ~ % (Oaup + Ostiq + O,h0sh)

F = [de {g(Ah)2 —I—pu?j + %uzzz}

Renormalization of elastic constants

d — oo, (1/d) — expansion

David, Guitter, Europhys. Lett. (1988), Radzihovsky, Le Doussal, J.Phys. (Paris) (1991)

It is convenient to redefine:

n— xd, 4 — pud, N — Ad
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Hubbard — Stratonovich —

: decouples (0or)* terms
transformation

D id Td [, A,
o~ F®)/T _ / i f 4 {2T(m') g Xep(OaTOpr = bap) = ) (X“ﬁ 201+ AD @

r =&x 4 0r
f{dér}e F(r)/T — _dex{lndetM_ S Xapdap— 15 (Xaﬁ 2,u+,\DXaa)}

M = —x/A? —+ ZT@aXQﬁ@g

First, we look for homogeneous solution for;(

D
Xas = ZX(SQ,B — Indet M = / d k

T2 1 A de
2u+AD D J, (2m)P

= In (%k4 — Txkz)

Forr o x(1—&2)A In (sk* + T'xk?)

OF 44 /0x = OFess /06 =0 = x,& 13



Effect of disorder

_ [ i [ 7 2 id _ _TE( __ A )}
e_F(rVTzf{quﬁ}e /d x{2T [Ar + B(x)]” + 2Xaﬁ(3ar8,gr dap) i Xa 2;5+ADX?'“

N
random vector with d
the statistical weight: P(3) = exp [—— /dD:c,BZ (X)]

N 1 2B
(InZ)g = lim < _ >
N—O0 N 3

. B%2

5 (—seA2 4 T AT > pom=1,.. N
M = bpm (=A% +iT0aX5503) + - A

Xgﬁ = —1X0ap

2

y b dPk 4 2 4 2 4%
Indet M =  @nP (N —1)In (56" + Txk?) +1In ( 5k" + Txk® — NBE' —

T2 1 A dPk

F, 1—¢? _ =
75 X( £)+2p,+)xD D J, (2m)P

3
[111 (J-«.:k4 + Txkz) - - Bak ]

(sk? + XT)

\

disorder-induced

contribution 14



Saddle-point equations

OFess _ , oT T [ d°k 1 B>2k2/T
9 1 -8 +x = - +
X 2u+AD D J 2m)P | xk?+xT = (k2 + xT)?
OFcry \ |
a¢ |
_ _ both terms logarithmically
In the flat phase: £ 75 0= X = 0 diverge for D=2
2
d¢ 1 /T
———=—-——|—+4+B &> 0, for certain value of L
dA 47 \ »
thermal T . T ‘
fluctuations disorder
Within this approximation flat phase is
destroyed both by thermal fluctuations
A=1In(L/a) and by disorder ‘

To obtain crumpling transition one should take
into account higher order corrections in 1/d

15



David, Guitter, Europhys. Lett. (1988),

Renormalization of bending rigidity  ~ Doussal, Radzihovsky, PRL (1992)

for B=0
D 2 A
F:/d m{ (Ah) —I—,wu,,m—l—2 m}
_ [ hi(@hj(-q)e” " =" {dhdu}
Gij = h; F(h,u = 0;;G(g
J ( ( ) ( q. f o ( ) {dhdu} 7 ( )
G (k) T Interaction between in-plane
O k4 and out-of-plane modes is neglected

However, such interaction dramatically change the
small g behavior of G(¢) due to strong anharmonicity

¥

Anomalous scaling of bending rigidity 16



1 [ d?q
rw) = 5 f 2r)?
x R(k,k',q)(h_

R(k,k',q

Integrate out the in-plane modes (D=2)

[J«:q4h h_q —|—

2K’
(27)

1 d?k
(2m)2

:/

khk—l—q)(hk’h—q—k’)]

gl al? [ x q?

q? q?

dp(p +A)

0:

d. = (d— D) —

(2p + )

GY =

Interaction between
out-of-plane modes

k-q k’+q
Koy
kxq*\ [k xqg]*
q? q?
T N
k4 k k'

17



Self-Consistent Screening Approximation

_ _Kaq
Gqa-Q
GQ-q
Kq _ Ky/T N KO/TO Kq
Gaq
T gt + Eg 1 d. /(27T)2 Q4
(Ko/T)

1T 1+ (Ko/T)1, q

d. = (d— D) — oo

KqGq—q Self-energy

Polarization

d’Q [q x Q]*
Hq:/(gﬂp 4 Ga-qGq operator

18



—d/2

Weak “anticrumpling” regime: @.¢€ < q <K (g«
KoT _
qx = 5~ ultraviolet cutoff
M
o_ [PQaxQ'y o _ [dQaxQ* T T _ 3 (T\'1
1) @2 ¢t T ) 2m) ¢! #Q-q[txQ!  16n ¢

1 16 722\ 2
< g = (Ko/TIY > 1 =K, :_(_) 2

2T [ d?Q [qxQ]* 0o 32mx d’Q [qx QJ* P O
va=7 / @n? qf eGe-e® - fm @2 Q2la—qQE = dln( )

2 d% 2 Anharmonicity-induced
0 = »—In — Jr increase of the bending
q

d d A d rigidity
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Crumpling transition for d > «

dx 2 > T
dA_d% d\ 47

;{ — %52 rescaled bending rigidity

d% 2% T ~ d T unstable

i Her — fixed point

dAN d A4« S

agrees with David, Guitter,
Europhys. Lett. (1988),

2 2 %O o %C'T' For ¢y > .., membrane
gOO — Q0 _ remains in the flat phase in
the course of renormalization

20



Renormalization of disorder

1 [ d%q [ 1 [ &k [ 2K
Fh) = 5/ (27)? ["’q hab-a + 77 <2w>2/ 2m)?

xRk, K, q)(h_ihiq)(hih_q_10)]
‘ add disorder, replicate and average over disorder

1 [ d’q N Bi¢?
F(h) = )2 [q‘* Y hZh™, (xam— - )

n,m=1

1 [ &k [ &K al
U 4d, (2m)2 J (2m)2 R(k’k”q)z(hﬁkhﬁ"'q)( ﬁjhﬁq_k’)]

n=1

2
A . 5 B% matrix in the
N — A . Anm — AOnm T replica space

21



w_ 0 B/T
.= —
Gq_ }qu4 %q4 (5nm—|—C¥) 8 ]__NB%/T
nGgm nomon 1,77~ om
1 S
n Kq m

= [0 +20)0m + %] 4 < Gemp Ko =TI

_ 1bm (%)2 5 (14 2a + & N)bpm — a?

3 \T) ¥ (1+20)(1 + 20+ ?N)

In Q_* 5nm[1+3a—|—a2(N_|_]_)_|_a3N]_a3
q (1 +22)(1 + 2a + a2N)

T ) _g 5nm[l+3a+a2(N+1)_|_a3N]_a3

K™
nm 2
d (568pm — B
dA

d% (14 2a)(1+ 2a+ a?N) .



RG equations

dx 2 1+43Bx/T+ B*x*/T?

=M

dA ~ d

(1+ 2Bx/T)?

dA

d (B;?) 2 (Bx/T)

~ 471+ 2B»/T)?

Rescaled parameters

= € p_

B%2§2
T

» f==

4

df 2 f(1+3f)
dh ~  d(1+2f)

dsz (1+3f + f?)

T

2 _
aN — 4T (ar2f)2

&2 QA+ NT

dA — A7

47

—f X exXp (_czlA)

B PR
7 X exp EA

F'= fx — const

23



Critical bending rigidity

Results:

Non-monotonous scaling

becomes disorder dependent of bending rigidity
~ ~ non-monotonous
Her (f 0)

Td
8

»  dependence
A

b e )/

crumpled
74 74
8 8
> fO > f‘
fo fo
~ oy T4 df (1+2f)> df' 1+3f"+ f"
J*fc'r'( 0)_871'0 f 1+3f €eXp | — f; 1_|_3fl
f
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Rescaled disorder strength increases exponentially and then saturates

FOO 3 similar result for D=4:
—_— efo/ Morse, Lubensky, Grest,
FO PRA 1992

df — 2f(1+3f)
K- itTare ™ f=fo— o n(Lg), forf> 1

—1 o2dfo/3

# characteristic scale: g ~ ~ q, ripple size???
Disorder generates new correlation functions

1 1-1/d
Conventional correlation (hqh—q> X q4—2/d —) hrms x L /

function

flat phase
. . N —
Disorder-induced 1 1-2/d
correlation function (hq)(h—q) x (14_—4/d m—) hrms x L
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Self consistent screening approximation (SCSA)

(similar to SCBA in the theory of disordered systems)
P. Le Doussal, L. Radzihovsky, PRL (1992)

Gla) = (hahg) = 5y my Gla) &< ——

>(q) is self-energy which should be found N is critical
self-consistently with the Green function exponent

SCSA (D=3): 771~0.82

numerical simulations: 7 ~ (0.7-0.8



Renormalization of bending rigidity

7. \" Physics behind: anharmonic
n — x(q) ~ (—) coupling with in-plane modes

T g\ P. Le Doussal,
Gq _— (hqha> _— Z—4 (—) . for q < qc L. Radzihovsky,
»q dc PRL (1992)
Z= 3.5, K. V. Zakharchenko et al, PRB (2010)
TA 3uv?(p + A)R?
g = c A, =2F 2(‘“’ W 187 ev.
hw 473220 + N)

In the Dirac point: ¢q ~ T'/hv

q KL Qe == T < A,

For all realistic temperatures

anharmonic coupling is important !!!
15



For graphene x/T~30 even for 7=300 K =» flat phase

Bending rigidity increases with increasing the
system size (or decreasing the wave vector ) :

K ~ L7 - q'ﬂ n - critical exponent

P. Le Doussal and
L. Radzihovsky, PRL (1992)

B —n, for k/T — oo

h 1

Sy in the thermodynamic limit
L In/2 fluctuations are suppressed

(D~ qz—ﬂ/ 2 dispersion is modified

12



