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1.  Introduction.  3 scenario for destruction of 
     superconductivity by disorder
2.  Superconductor-metal transitions at T=0
    - Suppression of Tc due to increase of Coulomb repulsion
    - Enchancement of mesoscopic fluctuations near crit point
    - Proximity-coupled array and quantum fluctuations of phases
3.  Superconductivity-insulator transitions in homogeneously
     disordered materials
         - Fractal superconductivity at the mobility edge
         -  Pseudo-gaped  superconductivity
         -  Quantum phase transition between
            pseudo-gaped superconductor and paired insulator
         - Signatures of  the  many-body localization



Central Dogma on SIT 

 Quantum phase transitions in disordered 
two-dimensional superconductors
Matthew P. A. Fisher
Phys. Rev. Lett. 65, 923, 1990

Presence of quantum diffusion in two dimensions: 
Universal resistance at the superconductor-insulator transition
Matthew P. A. Fisher, G. Grinstein, and S. M. Girvin
Phys. Rev. Lett. 64, 587, 1990
 

A.Goldman et al  ~1989
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Actually, the story is much more complicated



Disordered superconductors 
(classical results)

• Potential disorder does not affect superconductive 
 transition temperature  (for s-wave) – A.A. 
Abrikosov & L.P.Gor’kov 1958   P.W.Anderson 1959

• In the “dirty limit”   l << ξ0     coherence length 
decreases as   ξ ~ (l ξ0 )1/2    whereas  London 
length grows as  λ ~ l -1/2

Accuracy limit: semi-classical approx.   kFl >> 1  
or (the same in another form)     G = σ (h/e2) ξd-2 >> 1

What  happens  if    G ~ 1  ?



const leads  to    BCS gap  equation 

1  = g ∫ N(0) (dξ/ξ) th(ξ/2T) 

“Anderson theorem”

Approx.

Accuracy limit: semi-classical approx.   kFl >> 1  
or (the same in another form)     G = σ (h/e2) ξd-2 >> 1

What  happens  if    G ~ 1  ?



Superconductivity v/s Localization
Granular systems with Coulomb interaction
K.Efetov (1980)  M.P.A.Fisher et al (1990)  
 “Bosonic mechanism”

    Granular  metals or artificial arrays of islandsGranular  metals or artificial arrays of islands

Coulomb-induced  suppression of Tc  in uniform films     Coulomb-induced  suppression of Tc  in uniform films     
  “Fermionic mechanism”“Fermionic mechanism”

Yu.Ovchinnikov (1973, wrong sign)  Mayekawa-Fukuyama 
(1983)  A.Finkelstein (1987)   Yu.Oreg & A. Finkelstein 
(1999) Very strongly disordered amorphous metallic Very strongly disordered amorphous metallic 
alloysalloys  a-MoGe, a-NbSi, etc

Competition of Cooper pairing and  localization  (no Competition of Cooper pairing and  localization  (no 
Coulomb) Coulomb)   Imry-Strongin, Ma-Lee, Kotliar-Kapitulnik, 
Bulaevskii-Sadovskii(mid-80’s)
Ghosal, Randeria, Trivedi  1998-2001,  2011

          Amorphous “poor metals” with  low   carrier densityAmorphous “poor metals” with  low   carrier density



Bosonic mechanism

Control parameter

E
c
 = e2/2C

Artificial arrays:
major term in 
capacitance
 matrix is  n-n 
capacitance  C

•q
i
  and φ

i
   are canonically conjugated

Usual SC state with full gap inside each island,
 irrespectively of the macroscopic state



Granular v/s Amorphous films

A.Frydman
Physica C
391, 189 (2003)



S-I transitions: grains v/s continuous

Phys Rev B 40 182 
(1989) D. B. Haviland, Y. Liu, and A. M. Goldman

 

Phys. Rev. Lett. 62, 2180–2183 (1989)



              Fermionic mechanism:
   suppression of  T

c
  in amorphous thin films 

by disorder-enhanced Coulomb interaction
•Theory •Experiment

•Review:

• Generalization to quasi-1D stripes:
• Phys. Rev. Lett. 83, 191 (1999) 

• Yu. Oreg and A. M. Finkel'stein 

• Similar approach for 3D poor 
• Conductor near Anderson transition:

• P. W. Anderson, K. A. Muttalib, and
•  T. V. Ramakrishnan, 
• Phys. Rev. B 28, 117 (1983)  

Materials:    a-MoGe, a-NbSi,  etc



Fermionic mechanism: qualitative picture

• Disorder increases Coulomb interaction and thus 
decreases the pairing interaction (sum of 
Coulomb and phonon attraction). In perturbation 
theory:
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Return probability in 
2D

g = 2π ћσ /e2

 It is  a “revival”  of  strong Coulomb repulsion, 
 due to  slow diffusion   at   g  ~ 1

       Crucial experimental signatures: Crucial experimental signatures: 
  1) spectral gap vanishes together with transition temperature T1) spectral gap vanishes together with transition temperature T

cc

  
  2) non-SC state looks more like a metal than an insulator2) non-SC state looks more like a metal than an insulator







     What is the nature of the state 
on the other side of the T=0 transition ?

Experimental answer:   it is a metallic state
    with a relatively low  resistivity 
(sometimes much below  its “normal-state”  value)

Theoretical answer is unknown.
 



An attempt to use BKT-like analysis

Ultrathin Bi films on Sb



Nb
x
Si

1-x
 thin films

(2010)



Fluctuations near Fluctuations near TTcc

2)  Mesoscopic fluctuations of Tc  near the 
     Quantum S-M Phase Transition

M. Feigelman and M. Skvortsov, Phys. Rev. Lett. 95  057002 (2005)
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Random, due to mesoscopic
Fluctuations of disorder



Ginzburg­Landau expansion: resultGinzburg­Landau expansion: result



Superconductor with fluctuating Superconductor with fluctuating TTcc

Sov.Phys.JETP
54, 378 (1981)

Linearized GL equation  is similar to a Schrödinger eq.  with
 Gaussian random potential  

Localized “tail states”    I.Lifshitz,  Zittarz & Langer, 
Halperin & Lax  (mid-60’s)

(formally equivalent to “instanton solutions”
 in some effective field theory)



Mesoscopic vs. thermal fluctuationsMesoscopic vs. thermal fluctuations



Intermediate  conclusions
Superconducting correlations are extremely inhomogeneous  
at  g  near  critical conductance   g

c

 Due to enchancement of  mesoscopic fluctuations, a
 random set of  SC islands is  formed in the sea of
 surrounding metal

It does not mean that the system is similar to JJ array since
no  grains and  insulating barriers  are  present 

How important is  this  “island structure”  for the properties
of  quantum metal state  that  exists  at   g

 
< g

c
  ?

Consider  a model system: 
 regular array of  SC islands  siting on dirty metal films 
and study its QPT



Experiment:   Sn islands on graphene

                                         Nature Physics (published 30 March 2014)



R(T)  curves



+



=

Experimental value at high gate voltage :  3.8 109



Phys. Rev. Lett. 86, 1869 (2001)

The reason for SC suppression:   quantum phase fluctuations

Neglecting  Cooper-
channel interaction
In graphene

Otherwise, like in Finkelstein's theory

T
c 
~ ( g – g

c
) πg/2)^1/2



Region close to Dirac point

Very large conductivity in the low-T limit
But no superconducting state even at lowest T



Exponentially strong “paraconductivity”  at  
lowest  temperatures

At V
g
  - 8 V  paraconductivity

can be treated as  fluctuational
correction like quantum AL

Near  the  critical V
g
 value  

paraconductivity is exponentially
large  and  the picture of
quantum phase slips seems 
to be relevant



Quantum phase slips in 2D system ??
                two options:

1.  Actually, the system  is of nearly 1D type  (percolation-like
    structure with long 1D chains) leading to finite tunneling 
    action for QPS
2.  Genuine   quantum version of vortex-driven
     BKT  transition in 2D   (still unknown) does exist

 
Regarding   tin-graphene  experiment, the 3d  
option is possible:  the finite-size effect 

Finally, we never know if  T is low enough
For this experiment typical energy scale is
 E

th
 =  hD/2πb2  ≈ 0.1 Kelvin



Conclusions for Part 1 

1.  Coulomb repulsion in the Cooper channel is enhanced by
 disorder and  leads to suppression of  T

c
  of  homogeneously 

disordered metal  films down to zero at some  g
c
 >> 1

2  Near  critical conductance superconducting  state is very 
inhomogeneous while the metal itself shows nothing apart  weak 
mesoscopic fluctuations

3. Natural model system  for SMT is  a model of  SC islands on a
  top of disordered metal film.  T=0  quantum phase transition
  In a such a model can be described by a competition between
 Proximity-induced Josephson coupling and weak  Coulomb blockade

4. “Normal” state of the other side of the T=0  SMT is  a characterized
    by  high and nearly T-independent conductance those nature
    Is unknown.



Part 2: Direct S-I transition
l and superconductivity in amorphous 

l poor conductors:   
l fractality, pseudo-gap and new SIT scenario

                           
                                    Theoretical  approach:
                         Competition of Cooper pairing and localization  
                                (no Coulomb repulsion)
  
                                   Imry-Strongin, Ma-Lee, Kotliar-Kapitulnik,
                           Bulaevskii-Sadovskii(mid-80’s)
   
                           Ghosal, Randeria, Trivedi  (1998-2001, 2011) - 
                           numerics     



Direct S-I-T  - InO
x

Nearly  critical  InOx :



Direct S-I-T  - TiN



The quest for the 3d scenario: 
major challenges from the data 

     In some materials SC survives up to very 
high resistivity values.  No structural grains are 
found there.
      Preformed electron pairs are detected in the 
same materials both above T

c
 and at very low 

temperatures on insulating side of  SIT

    -  by STM study in  SC state
    -  by the measurement of the activated 
        R(T) ~ exp(T

0
/T)  on  insulating  side

    



Class of relevant materials

Amorphously disordered (no structural grains)
Low carrier density at  helium  temperatures
(around 1021 cm-3  or even less   .)

  Examples:    
  amorphous  InOx        TiN  thin films     
 Possibly similar:  Possibly similar:      
NbN

x 
       B- doped  diamond and B-doped  Si

Li
x
ZrNaCl  (layered crystalline insulator

                  with carriers due to Li doping)

Bosonic v/s Fermionic scenario ?
  
None of   them  is   able to  describe InOx  data:
Both scenaria  are  ruled out by STM data in SC state



l SC side: local tunneling conductance

Nature Physics  7,  239  (2011)

The spectral gap appears much before  
(with T decrease)  than superconducting
 coherence  does
Coherence peaks in the DoS  appear together  
with  resistance  vanishing while T drops 
Distribution of coherence peaks heights 
is very broad near SIT



Theoretical model  (3D)

   Simplest BCS attraction model, 
  but  for critical (or weakly 
  localized)  electron eigenstates

  H = H
0
- g ∫ d3r Ψ

↑
†Ψ

↓
†Ψ

↓
Ψ

↑
 

Ψ  = Σ c
j
 Ψ

j
 (r) Basis of  exact eigenfunctions

of free electrons in random potential

M. Ma  and P. Lee   (1985) : S-I  transition at  δ
L 
≈  T

c

We will see find that SC state is compatible with  δ
L
 >> T

c
  

δ
L = 1/ L3

loc



Mean-Field Eq. for T
c





3D Anderson model:  γ = 0.57 •  

d
2
   ≈ 1.3    in 3D

Fractality of wavefunctions 
at the mobility edge E

F
=E

c

IPR:   M
i
 = 

l  is the short-scale
     cut-off  length

4
dr





Modified BCS-type mean-field 
approximation for critical temperature T

c

• For small this  T
c
   is higher than BCS value !

The same result was later obtained by Burmistrov , Gorny and Mirlin 
 via RG approach for 2D system



Superconductivity  at  the  
Mobility Edge: major features

- Critical temperature T
c
  is well-defined  

through  the whole system in spite of strong 
Δ(r)  fluctuations
 

- Local DoS strongly fluctuates in real space; it 
 results in asymmetric tunnel conductance
     G(V,r) ≠ G(-V,r)

- Both thermal (Gi) and mesoscopic (Gi
d
)  

fluctuational  parameters of the GL 
functional are of order unity



B. Sacépé, T. Dubouchet, C. Chapelier, M. Sanquer, M. Ovadia, D. 
Shahar, M. Feigel'man, and L. Ioffe,  Nature Physics, 7, 239 (2011)



     Superconductive state 
with a pseudogap

 Wave-functions  with  E  near  E
F 
 are  localized,

 Localization length   L
loc

  is  long,  

            n
e
L3

loc
  >> 1



  Parity gap in ultrasmall grains
K. Matveev  and  A. Larkin 1997 

•No  many-body correlations

Local pairing energy

Correlations between pairs of  electrons 
localized in the same “orbital”

• -------
• ------- E

F

• --↑↓--
• --  ↓--



Parity gap for Anderson-localized 
eigenstates

Energy of two single-particle excitations after  depairing:

Δ
P
   -  activation gap in transport

d
2
   ≈ 1.3    in 3D



Activation energy TI  from   
D.Shahar & Z. Ovadyahu  (1992) on  
amorphous InOx   and  fit  to the theory

= 0.05 = 400 K

Example of consistent choice:

No  reasonable  fit is possible
 with D=3  instead of  d

2 



Development of superconducting 
correlations between localized pairs:  

equation for T
c

    Correlation function

 
 
 should now  be determined for localized states 



Correlation  function      M(ω)

No saturation  at  ω < δ
L
  :

M(ω)  ~ ln2 (δ
L
 / ω)

(Cuevas & Kravtsov  PRB,2007)
Superconductivity  with 
T

c
 << δ

L 
 is possible

This region was not noticed
 previously

Here “local gap”
exceeds SC gap  :

only with weak coupling !



T
c
    versus   Pseudogap

Superconductive transition exists even at   δ
L 
>>  T

c0

Annals of Physics 325, 1368 (2010) 



  Contribution of single-electron states
Is  suppressed by pseudogap Δ

P
 >> T

c

Effective number of interacting 
“neighbours”

“Pseudospin” 
approximation



Qualitative features of 
“Pseudogaped 

Superconductivity”:

STM DoS evolution with T

Double-peak structure in point-
contact conductance 
Nonconservation of the  full  spectral 
weight  across Tc

T

Ktot(T)

Tc Δp



l SC side: local tunneling conductance

Nature Physics  7,  239  (2011)

The spectral gap appears much before  
(with T decrease)  than superconducting
 coherence  does
Coherence peaks in the DoS  appear together  
with  resistance  vanishing while T drops 
Distribution of coherence peaks heights 
is very broad near SIT



Local tunneling conductance-2

Gap widths Peak heights

• More 
• disorder

• Less 
• disorder



Andreev point-contact spectroscopy

2eV
2
 = 2Δ

eV
1
 = Δ+ Δ

P

T.Dubouchet,
thesis, Grenoble
(11 Oct. 2010)

Pair tunnelling
does not require
to pay depairing
energy Δ

P



S-I-T:  Third Scenario

• Bosonic mechanism:  preformed Cooper pairs + competition 
Josephson v/s  Coulomb –  S I T  in arrays

• Fermionic mechanism:  suppressed Cooper attraction, no paring 
– S M T

• Pseudospin mechanism:  individually localized pairs  
 -  S I T  in amorphous media

   SIT occurs at small Z and lead to paired insulator
    

   
Cayley  tree  model  is solved
 (M.F.,L.Ioffe & M.Mezard 
Phys. Rev.B 82, 184534 (2010)  )
               

K = 2







Distribution function for the
 order parameter

Linear  recursion (T=Tc)

Solution in the RBS phase:

T=0

Diverging 1st moment

x =



Vicinity of the 
Quantum Critical 

Point

<< 1



Order parameter:  
scaling near transition

Typical value near the  critical point:







Insulating  phase: continuous 
 v/s   discrete spectrum ?

Consider perturbation expansion over Mij in H  below:

Within convergence region the many-body spectrum is 
qualitatively similar to the spectrum of independent spins

No thermal distribution,  no energy transport, 
distant regions   “do not talk to each other”



Different definitions for  the 
fully many-body localized state

1.    No level repulsion (Poisson statistics of the full 

            system spectrum) 

2.    Local excitations do not decay  completely

3.    Global time inversion symmetry  is not broken

              (no dephasing, no irreversibility)

4.   No energy transport (zero thermal conductivity)

5.   Invariance  of the action w.r.t. local time 

          transformations   t → t + φ(t,r):    

         d φ(t,r)/dt = ξ (t,r) – Luttinger’s gravitational 
potential



Level statistics: Poisson v/s 
WD

• Discrete many-body spectrum with zero 
level width:    Poisson statistics

• Continuous spectrum (extended states) :  
 Wigner-Dyson ensemble with level 
repulsion

V.Oganesyan & D.Huse
Phys. Rev. B 75, 155111 (2007) 

Model of interacting fermions
(no-conclusive concerning
sharp  phase  transition)





Phase diagram (for Jzz=0, T=0)



Expected phase diagram

Superconductor

Hopping insulator
with activated R(T) 

 g 

Temperature

Energy

RSB state

Full localization:
Insulator with
Discrete levels

MFA line

gc

Major feature:  green and red line 
         meet at  zero energy



Phase diagram-version 2

Superconductor
H

o
p

p
in

g
 in

su
la

to
r

w
ith

 M
o
tt (o

r E
S
) la

w

 g 

Temperature

Energy

Full localization:
Insulator with
Discrete levels

gc2

Here green and red line do not   meet 
at  zero energy

gc1

Do  gapless delocalized  excitation exist Do  gapless delocalized  excitation exist 
WITHOUTWITHOUT Long-range  order ? Long-range  order ?



Temperature-driven localization transition
in presence of   Jz Si

z Sj
z   interaction





Conclusions – part 2 

        New type of S-I phase transition is described 
        
    Pairing on nearly-critical states produces fractal superconductivity 

 with relatively high Tc    but small ns

    Pairing of electrons on localized states leads to hard gap and 
Arrhenius resistivity for 1e transport

    Pseudogap behaviour is generic near 
    S-I transition,  with “insulating gap” above Tc 

        On insulating side activation of   pair  transport  is due to 
ManyBodyLocalization  threshold

   Superconductivity  is extremely inhomogeneous near  SIT,  
   for two different reasons: 
    i) fractality,  ii)  lack of self-averaging



Conclusions for  1+ 2

 1) We don't  know how to take into account

 both  Coulomb effects in the Cooper channel

 and  Localization/Fractality  effects

It seems that both are relvant for S-I-T in

TiN  and probably in some other materials.

2) The nature and even the  condition for existence 
of an intermediate “quatum metal”   state is unknown
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  SMT

  M. Feigelman, M. Skvorstov and K. Tikhonov, Pis'ma ZhETF 88, 780 (2008). 

  SIT:  M.Feigelman,  L.Ioffe, V.Kravtsov, E.Yuzbashyan, 

   Phys Rev Lett.98, 027001 (2007)

   M.Feigelman, L.Ioffe, V.Kravtsov, E.Cuevas,  Ann.Phys. 325, 1390 (2010)

   L.Ioffe and M. Mezard   Phys.Rev.Lett. 105, 037001   (2010)  

   M.Feigelman, L.Ioffe and M.Mezard,  Phys. Rev.B 82, 184534 (2010)
 
   B. Sacépé, T. Dubouchet, C. Chapelier, M. Sanquer, M. Ovadia, D. Shahar, 
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M. Feigelman and M. Skvortsov, Phys. Rev. Lett. 95  057002 (2005)
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