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Physical systems considered

•Small ferromagnetic particles (super-paramagnets)
•Magnetic tunnel junctions (free layer dynamics)
•Quantum dots close to Stoner transition



Example: magnetic tunnel junctions (MTJ)

J. C. Slonczewski, J. Magn. Magn. Mater. 159, L1 (1996).

L. Berger, Phys. Rev. B 54, 9353 (1996).



Landau-Lifshitz-Gilbert (LLG) equation

T.L. Gilbert (1955) 
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Proper description in terms of slow 
collective variable: magnetization  ~M(t)
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AES action:
Abelian U(1) case

V. Ambegaokar, U. Eckern, G. Schön
Phys. Rev. Lett. 48, 1745-1748 (1982)
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U(1) case
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A. Kamenev, Y. Gefen, Phys. Rev. B 54, 5428 (1996)
Attention: boundary conditions

U(1) case

 (t) ! R(t) (t)

R(⌧ + �) = R(⌧)

Choose R so that

R(t) = e�i�(t) 2 U(1)

iS↵ = tr ln [i@t � ✏↵ � eV (t)]

iS↵ = tr ln
⇥
R�1 {i@t � ✏↵ � eV (t)}R

⇤

iS↵ = tr ln
⇥
i@t � ✏↵ � eV (t) + iR�1@tR

⇤

iR�1@tR = eV �̇(t) = eV (t)

iSV =
X

↵

tr ln [i@t � ✏↵] + i

Z
dt

C�̇

2

2e2
= const.+ i

Z
dt

C�̇

2

2e2



U(1) case
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U(1) case
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U(1) case
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AES vs. Caldeira-
Leggett (CL) action in 

mesoscopic physics

V. Ambegaokar, U. Eckern, G. Schön
Phys. Rev. Lett. 48, 1745-1748 (1982)

A.O. Caldeira and A.J. Leggett,
Annals of Physics 149, 374 (1983)

http://dx.doi.org/10.1103/PhysRevLett.48.1745
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AES for tunnel junctions
1) Normal tunnel junction (NIN)
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AES for tunnel junctions 
Normal tunnel junction (NIN)
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AES vs. CL 
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Non-Abelian SU(2) 
case



Results
1) Dissipation described by SU(2), AES - like action
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2) Naively: non-gauge invariant  
 - arbitrary
Fixing gauge freedom - technical challenge leading 
to the main result:  

3) LLG - Langevin equations with geometric noise           
spin diffusion with effective geometric temperature
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Quantum dot, exchange interaction

Non-Abelian
M.N. Kiselev, Y. Gefen, Phys. Rev. Lett. 96, 066805 (2006)
I.S. Burmistrov,Y. Gefen, M.N. Kiselev, Pis’ma v ZhETF 92, 202 (2010)
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Geometric adiabatic solution

R 2 SU(2)/U(1)

Transform to rotating frame

Non-Abelian vector potential
i.a., Berry phase
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Adibatic expansion

Berry’s phase
WZNW action
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Open magnetic 
quantum dot

AES tunnel action



Open dot, “AES” action
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Open dot, effective action
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Open dot, effective action
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R 2 SU(2)/U(1)

Open dot, rotating frame
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Rotation: convenient representation

R 2 SU(2)/U(1)
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Tunneling expansion, “AES”

V. Ambegaokar, U. Eckern, G. Schön, Phys. Rev. Lett. 48, 1745-1748 (1982)
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Explicit form for non-magnetic lead 
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Tunneling expansion, gauge fixing
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AES action on Keldysh contour
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Semiclassical equations of motion
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Equations of motion
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Keldysh part - Langevin terms
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Landau-Lifshitz-Gilbert-Langevin equation
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Landau-Lifshitz-Gilbert equation
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AES vs. Caldeira-Leggett



Usual LLG-Langevin equation
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Three independent Langevin variables
not four !!!

What is the microscopic theory?



Caldeira - Leggett situation

Large spin �S interacting with a bath
e.g., with electron-hole continuum, ↵ 6= �
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AES vs. Caldeira - Leggett
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Geometric Langevin terms



Geometric Langevin terms
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Application: geometric 
spin diffusion



Spin diffusion
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Spin diffusion
D = (g/S2)Teff
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Spin diffusion: AES vs. CL
Classical regime: T � B Teff ⇡ T

Quantum regime: T ⌧ B
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Spin diffusion
D = (g/S2)TeffDiffusion coefficient

Quantum regime: T ⌧ B Teff ⇡ B
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Deterministic 
relaxation 

much faster 
than diffusion 

Bang-Bang protocol



Conclusions

•AES action generalized from U(1) to SU(2)

•Role of the gauge freedom clarified

•Semiclassical LLG-Langevin equations 
with noise terms influenced by geometrical 
phase: geometric spin diffusion



AES for tunnel junctions
2) Josephson junction (SIS)

I SS
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